Abstract. In this paper we discuss the zeta-determinants of harmonic oscillators having general quadratic potentials defined on R 2 . By using change of variables we reduce the harmonic oscillators having general quadratic potentials to the standard harmonic oscillators and compute their spectra and eigenfunctions. We then discuss their zeta functions and zeta-determinants. In some special cases we compute the zeta-determinants of harmonic oscillators concretely by using the Riemann zeta function, Hurwitz zeta function and Gamma function.
Introduction
The zeta-determinant of a differential operator is a global spectral invariant, which is a natural extension of the usual determinant of a linear map or a matrix acting on a finite dimensional vector space. The zetadeterminant is defined by the spectral zeta function associated to a differential operator, which plays an important role in geometry, topology and mathematical physics (cf. [2] and [3] ). In this paper we discuss the zeta-determinants of harmonic oscillators having general quadratic potentials defined on R 2 . The harmonic oscillators are Laplacians equipped with quadratic potentials, which are used quite often in mathematics and physics including functional analysis and quantum mechanics. It is a well known fact that the harmonic oscillators have discrete point spectra. By using change of variables we reduce the harmonic oscillators with general quadratic potentials to the standard harmonic oscillators and compute their spectra and eigenfunctions. We then discuss the spectral zeta function consisting of the eigenvalues of the harmonic oscillators and discuss their zeta determinants. Finally we compute, in some special cases, the zeta-determinants concretely by using the Riemann zeta function, Hurwitz zeta function and Gamma function.
We begin with the definition of the Harmonic oscillators. The harmonic oscillators of one variable H : S(R) → S(R) is defined by (1.1)
where S(R) is the Schwartz space on R. In Section 2 we are going to review some basic spectral properties of the harmonic oscillator H including their spectra and eigenfunctions. In Section 3 we are going to consider the harmonic oscillators of the form
where a 1 , · · · , a n ∈ R + and discuss their spectra and eigenfunctions. We then discuss harmonic oscillators with general quadratic forms on R n . Using change of variables we reduce them to the standard harmonic oscillators and compute their spectra in terms of the eigenvalues of the symmetric matrices associated to the quadratic forms. Finally, in Section 4 we review the definition of the zeta-determinant and show how it generalizes the usual determinant of a linear map acting on a finite dimensional vector space. We then discuss the zeta-determinants of the harmonic oscillators defined on R 2 of the following type
, we compute the zeta-determinant of H(a, b) explicitly by using the Riemann zeta function, Hurwitz zeta function and Gamma function We finally discuss the zeta-determinant of H(a, b) when a, b ∈ R + − {n 2 | n ∈ N} but so far we didn't find an explicit description of the zeta-determinant of H(a, b).
Harmonic oscillators of one variable
In this section we are going to introduce harmonic oscillators of one variable acting on the Schwartz space and investigate their spectral structures. Using the materials in this section we are going to compute the eigenvalues and eigenfunctions of harmonic oscillators of n variables in the next section.
We first define a few concepts. Let S(R) be the Schwartz space on R. The creation operator A and annihilation operator A † : S(R) → S(R) are defined, for a > 0, by
Let H be the Harmonic oscillator defined in (1.1). The function ψ 0 ∈ S(R) is called the ground state of H if 
Proof. Let ψ be a function in S(R). Then
which shows AA † = (H − a). Similarly, we can show A † A = (H + a), which completes the proof of the statement (1) 
, which shows the equality (2). Let ϕ be a function in S(R). Then
which completes the proof of the lemma. 
Proof. To prove this theorem, we apply the mathematical induction and the statement (3) in Lemma 2.1. First we show that Hψ k = (2k + 1)aψ k . For k = 0, by the statement (1) in Lemma 2.1.,
We now assume that it is true for k = m − 1. Then
Aψ m−1 = 1
HAψ m−1
The induction shows that Hψ k = (2k+1)aψ k holds for all nonnegative integers k, and hence ψ k is an eigenfunction of H with eigenvalue (2k + 1)a. By the same way, we show that ∥ψ k ∥ = 1 for all k ≥ 0. Indeed, it is true for k = 0 because of the definition of the ground state. If we assume that it is true for k = m − 1, then
Hence by induction ∥ψ k ∥ = 1 for all nonnegative integers k, which completes the proof of the lemma.
Remark : If we denote by
and hence there is no more eigenvalues than we obtained in the above theorem. We refer to [1] for the proof of this fact. Now we consider the eigenvalues and eigenfunctions of an n-dimensional harmonic oscillator.
where a 1 , · · · , a n ∈ R + and let
with the eigenvalue λ k i . Then the eigenfunctions and eigenvalues of H n are
respectively, where
Proof.
This completes the proof of the theorem.
Harmonic oscillators of n variables
In this section we introduce harmonic oscillators with quadratic potentials and investigate their eigenvalues and eigenfunctions.
be a harmonic oscillator with quadratic polynomial q(
Then there exist a harmonic oscillator
and a linear map ϕ such that the following diagram
We also define a linear map ϕ as follows.
Then we claim thatH = ϕ 
First of all, for x 1 , we get
We note that u 
Finally, we get the following result:
which shows that the given diagram commutes and completes the proof of the theorem.
Finally we investigate eigenvalues and eigenfunctions of harmonic oscillators with quadratic potentials. Let A = ( a ij ) be a positive definite, symmetric matrix and
be a harmonic oscillator with a quadratic polynomial of n variables acting on S(R n ) where q(
a ij x i x j . By Theorem 3.1, we can find the harmonic oscillator
such that the diagram in Theorem 3.1 commutes.
Theorem 3.2. The eigenvalues of H are equal to the eigenvalues of H. In fact, if ψ is an eigenfunction of H with eigenvalue λ, then ϕ(ψ) is an eigenfunction ofH with the same eigenvalue λ.
Proof. Letψ(X 1 , X 2 , · · · , X n ) be an eigenfunction ofH with eigenvalue λ. Putting ψ(
This shows thatψ is an eigenfunction ofH with eigenvalue λ if and only if ϕ(ψ) is a eigenfunction of H with the same eigenvalue λ, which completes the proof of the theorem.
The zeta-determinant of H(a, b)
In this section we are going to compute the zeta-determinants of 2-dimensional harmonic oscillators by using the Riemann zeta function, Hurwitz zeta function and Gamma function. First of all, let us review the zeta-determinants of linear operators acting on infinite dimensional vector spaces by using zeta functions. To give a motivation we first consider a linear operator T acting on an n-dimensional vector space. Suppose that λ 1 , · · · , λ 2 are positive eigenvalues of T . Then the determinant of T is given by
For z ∈ C, we define the zeta function associated to T by
is an entire function and the derivative is given by
. This fact gives a way of generalizing the determinant of an operator acting on a finite dimensional vector space to the determinant of an operator acting on infinite dimensional vector space. 
has an analytic continuation to the whole complex plane having a regular value at z = 0. Then we define the zeta-determinant Det(
It is known that the zeta-determinants of 1-dimensional harmonic oscillator H is always √ 2, where
(a > 0) (cf. [6] ). In other words, zeta-determinant does not depend on a. This is not the case for harmonic oscillators defined on R n , n ≥ 2. We will see the reason in Theorem 4.1. Before that, we test this fact with the following example. Let us put
where a, b are positive real numbers. We define the Riemann ζ function ζ R (s) and Hurwitz ζ function ζ R (s, a) as follows.
It is a well-known fact ( [4] ) that Table 1 Proof. For n ∈ N, the multiplicities of eigenvalue 2(2n−1)a of H(a, a) are equal to n. Indeed, the spectrum of H(a, a) is given by
. Differentiating with respect to s, we obtain ) are given in Table 2 .
. . . . . . Table 2 From Table 2 , for n ∈ N, the multiplicities of eigenvalues (3n − 1)a, 3na, (3n + 1)a of H(
) are equal to n. Indeed, the spectrum of H(
) is given by {2a, 3a, 4a ) (s) =
) .
Putting s = 0 and using (4.1), we have
) (0) = 1 3
from which we can also see that ζ H(
) (0) does not depend on a. Dif-
) (s) with respect to s, we have
−s log 3aζ R (s,
) }.
Putting s = 0 and using (4.1), we get
) (0)
}.
Finally, we obtain zeta-determinant of H(
) as follows. 
We next consider the harmonic oscillator H(a, b) , where a, b ∈ R − {n 2 |n ∈ N}. Then simple computation shows that the multiplicities of eigenvalues of H(a, b) are equal to 1 and Theorem 2.1 implies that the spectrum of H(a, b) is given by
Using the Mellin transform (cf. [4] ), the zeta function ζ H(a,b) (s) associated to H(a, b) is given as follows. dt.
